We derive the effective equations of the membranes dual to black holes in a particular theory of higher derivative gravity namely Einstein-Gauss-Bonnet (EGB) gravity at sub-leading order in 1/D upto linear order in the Gauss-Bonnet (GB) parameter β. We find an expression for an entropy current which satisfies a local version of second law onshell in this regime. We also derive the membrane equations upto leading order in 1/D but non-perturbatively in β for EGB gravity. In this regime we write down an expression for a world-volume stress tensor of the membrane and also work out the effective membrane equation for stationary black holes.
Introduction
For two derivative theory of gravity (Einstein-Hilbert theory) the area of the event horizon of a black hole monotonically increases (classically) throughout a physical process. Together with the fact that the "first law" of black hole mechanics gives the entropy of a black hole to be proportional to the area of the horizon, gives the precise statement for the status of the second law of black hole thermodynamics for Einstein-Hilbert gravity: i.e. entropy always increases in a physical process.
For higher derivative theories of gravity there is a candidate for entropy of black hole -namely the Wald entropy, which satisfies the first law of black hole mechanics [1, 2] . But there is no general understanding of the status of the second law of black hole thermodynamics in these theories. Some candidates for entropy of black holes which satisfy the second law of black hole mechanics for specific type of dynamics involving black holes are known. e.g. in [3, 4] , an expression for entropy of black hole satisfying second law for small amplitude metric perturbations about stationary black hole configurations upto linear order in the amplitude were obtained. These expressions contain corrections over the Wald entropy which match with Dong-Camps terms [5, 6] in holographic entanglement entropy. Again, in [7] a suitable candidate for second law was obtained upto an "obstruction term". The obstruction term restricts the validity of the analysis to black hole dynamics for which the obstruction term is either negative or zero. e.g. The obstruction term is zero for dynamics which preserve spherical symmetry. The expressions for entropy obtained in both these situations reduce to the Wald entropy for stationary black holes and also reduce to the area of the event horizon in the limit of two derivative gravity.
On the other hand, during the last few years the large D limit where one takes the number of spacetime dimensions D → ∞ has been found to be particularly useful in studying dynamical processes involving black holes. In this limit the black hole dynamics can be described by a system of effective equations determining the dynamics of a finite number of variables of a non-gravitational system. There are two apparently different non-gravitational systems to which the black hole dynamics can be mapped to. In one the effective equations are obtained in terms of a dual object defined by its effective mass and momentum [8] [9] [10] [11] . The other formulation (which is the primary focus of this paper), recasts the black hole dynamics in terms of dynamics of a co-dimension one membrane propagating in the asymptotic spacetime of the black hole [12] [13] [14] [15] [16] . The membrane is characterised by its local shape and a world-volume velocity field. The effective equations in this case are a set of "membrane equations" constraining the membrane variables 1 .
Interestingly, the effective membrane equations imply the second law of black hole thermodynamics for two derivative theories, without it being used as an input. It does even better in the sense that it gives the second law in terms of positive divergence of a local entropy current defined in terms of the membrane variables. The entropy current in this case is the obvious suspect: namely the generator of the horizon. The velocity field on the membrane world volume maps to the generator of the event horizon of the black hole and the membrane equation imply [14] ∇ · u = 2 K σ µν σ µν + O(1/D 2 ).
(1.1)
K is the trace of the local extrinsic curvature of the membrane embedded in the asymptotic spacetime of the black hole and σ µν is the shear tensor of the membrane velocity field u µ .∇ denotes covariant derivative w.r.t the induced metric on the membrane. It can be shown [17] that in the large D limit for uncharged black holes in asymptotic flat spacetime the local entropy current of the black hole to leading order in large D is given by
And hence,∇ · J (s) = 1 2K σ µν σ µν + O(1/D 2 ) (1.3)
Hence, the membrane equation correctly predicts the positive definite local entropy production.
The above procedure when applied to higher derivative theories of gravity can in principle lead us to a candidate for entropy which satisfies the second law of black hole thermodynamics for these theories 2 .
The focus of this paper will be a particular theory of higher derivative gravity namely the Einstein-Gauss-Bonnet theory, the Lagrangian density for which is given by 3 
The leading order in 1/D membrane equation for this was worked out in [18] upto linear order in the Gauss-Bonnet parameter. It was shown there that for the solutions of the above theory to be continuously connected to the solutions of Einstein-Hilbert gravity in the α → 0 limit α needs to be an O(1/D 2 ) quantity. A new variable β was defined there such that
where, β is an O(D 0 ) quantity 4 .The leading order in 1/D effective equation for EGB gravity non-perturbatively in the Gauss-Bonnet parameter in the mass momentum formalism were worked out in [20] .
In this paper we work out the membrane equations to subleading order in 1/D upto linear order in β. These equations are given bŷ
where, ω αβ is the vorticity of the membrane velocity field and P µν is the projector orthogonal to the velocity field in the membrane world volume. Using the above membrane equation we find an entropy current given by
which has a positive definite divergence given by 5
Recall that α ∼ O(1/D 2 ) and hence the RHS above indeed starts at O(1/D). We will also show that the entropy corresponding to the above current in the stationary configuration is Wald entropy of the corresponding stationary black hole. We also derive the membrane equation to leading order in 1/D and non-perturbatively in β to be given by
and,
Using this we derive an entropy current non-perturbative in β given by
the divergence of which using the leading order membrane equation (1.10) iŝ
The Einstein-Gauss-Bonnet Gravity
Since, we will be working with black hole solutions of the Einstein-Gauss Bonnet (EGB) gravity, we will briefly review the them here. The action for the EGB gravity is given by
(2.1) This action is a member of the Lovelock-Lanczos family of theories of higher derivative gravity, all of which have the common property that their equation of motions has a maximum of two derivatives acting on the metric like Einstein-Hilbert theory. The equation of motion of EGB gravity is given by
The static spherically symmetric black hole solution for this theory in the Kerr-Schild coordinates is given by
where r h is the radius of the horizon 6 . The Gauss-Bonnet (GB) parameter β is O(D 0 ) as mentioned earlier. The necessity of this has been explained in [18] to make sure that the large D solutions are smoothly connected to the solutions of Einstein-Hilbert theory in the β → 0 limit. The basic reason being that the typical curvature squared objects are O(D 2 ) times the monomials in curvature term in the large D limit. Hence, if β has a leading order behaviour in the large D limit which makes it grow faster than O(D 0 ) the GB terms will dominate over the Einstein-Hilbert term and the solutions will not be smoothly connected to the solutions of the Einstein-Hilbert theory 7 .
6 It is easy to check that
Hence we require that β ≥ − Note that any other scaling where β ∼ O(D −x ), where, x is a positive real number will also satisfy this criteria. So, in effect we are working with the strongest possible GB coefficient β in the large D limit which satisfies this criteria.
The large D dynamics of Black Holes in EGB gravity
In this section we briefly review the large D membrane paradigm of [12] [13] [14] [15] [16] aligned to the discussion in the context of higher derivative theories [18, 19] . We take the large D limit by restricting the dynamics to finite number of directions so that the spacetime preserves a SO(D − p − 3) isometry as D → ∞. Here, p is an arbitrary order one positive integer.
Before proceeding we would like to mention some notational conventions that we use. We use the indices A, B, . . . , M, N . . . to denote the coordinates over the D dimensional spacetime, which can be either black hole spacetime, or the background flat spacetime. ∇ is the covariant derivative w.r.t the background flat spacetime. We use the indices α, β . . . , µ, ν, . . . to denote the coordinates over the D − 1 dimensional membrane world volume, which is embedded in the background flat spacetime . g µν denotes the induced metric on the membrane. We use the notation∇ to denote the covariant derivative constructed from the induced metric on the membrane worldvolume . R µνλσ denotes the Riemann curvature calculated from g µν .
Ansatz Metric
The aim of the large D membrane paradigm is to find dynamical solutions of the EGB equations in a perturbative manner in 1/D. To do so we need to choose a good starting ansatz metric on which to apply the perturbative expansion in 1/D. Covariantisation of the Kerr-Schild form of the static black hole is a convenient ansatz metric. The ansatz metric for EGB gravity to linear order in β is given by 8
Here, O M = n M −u M . n M is the unit normal 9 to the surface ψ = 1 which is horizon of the corresponding black hole and u M is a unit normalised time like vector orthogonal to n M . K is the trace of the extrinsic curvature of the surface ψ = 1 embedded in flat spacetime. In the coordinates of the metric (2.3)
As has been noted in [21] , in the large D limit all non-trivial physics is confined in a thin region of width r h D outside the horizon of the black hole. From the ansatz metric we see that in the region where ψ ≫ 1 the metric reduces to flat spacetime. But if we confine ourselves to regions where ψ − 1 ∼ O(1/D) then ψ −D ∼ e −D(ψ−1) . The ansatz metric reaches its asymptotic form exponentially fast along the normal to the horizon and has a non-trivial warping only upto a region of width O(1/D) outside the horizon.
Since, we want to study dynamical processes involving black holes, we promote ψ and u to be functions of the spacetime points with the following restrictions The ansatz metric solves for the EGB equation to leading order in large D [14, 15, 18] provided
where the dot product and covariant derivatives are w.r.t the flat spacetime. The leading order ansatz metric can be thought of as being constructed by patching together locally boosted Schwarzschild solutions. The above two conditions are satisfied by the Schwarzschild black hole and hence to leading order they also need to be satisfied by our ansatz as to leading order they locally look like Schwarzschild metric. These conditions can be thought of as local constraints on the 'shape' ψ and 'velocity' u functions of a dual membrane in terms of which the black hole metric can be written. To leading order there is a duality between the black hole and a membrane provided the membrane satisfies the above two conditions.
The first order in 1/D corrections to the metric
The ansatz metric (3.1) solves for the EGB equation only upto leading order in 1/D and not beyond that. Hence, we need correct the ansatz metric so that it solves for the EGB equations upto the subleading order in 1/D. The large D regime makes it particularly simple to determine these metric corrections.
The ansatz metric reaches its asymptotic value just outside the 'membrane region'. Since, flat space solves for the EGB equation, we only need to add corrections to the metric which have non-zero support in the 'membrane region'. We describe in brief the mechanism for this below. For the details of the procedure, one can look at the previous papers on the large D membrane paradigm [14] [15] [16] 10 . 10 In practice, it is convenient to work in terms of a set of effective gravity equations in a reduced p + 3 dimensional spacetime involving the p + 3 dimensional metric and a dilaton field φ.The results obtained this way can then be recast in terms of quantities in the full D dimensional spacetime. The results obtained are then shown to be independent of the choice of p.The details of this procedure can be found in [12, 13, 18, 19] We use a coordinate system (y a ) based around any point x 0 in the membrane region.
The coordinate system y a spans the entire patch region of length scale ∼ O(1/D) in the membrane region about the point x 0 in the sense that as y a → ∞ we reach the boundary of the membrane region. The shape (ψ) and the velocity function (u M ) can be expressed in the region around the point x 0 as a Taylor series expansion given by
In a similar manner the normal vector to the surface ψ = 1 is given by
where, the Taylor expansion coefficients of n A are appropriately related to the coefficients in the expansion of ψ. The Taylor expansion coefficients of u A are appropriately constrained to make the velocity vector unit normalised and orthogonal to the normal vector.
Since, the spacetime under consideration has a distinct fast direction along dψ we chose one of the patch coordinates y a along this direction. We call this coordinate R and it is related to the shape function by
With this choice of the R coordinate the blackening factor becomes
The shape and velocity functions which had O(D 0 ) derivatives w.r.t the global coordinate x M have O(1/D) derivatives w.r.t the patch coordinates. Hence, it is easy to see that at first subleading order in 1/D the EGB equations when evaluated in the patch coordinates on the ansatz metric, evaluate to a non-zero quantity of the form 11 Since, the part which remains unsolved at the subleading order is only a non-trivial function of the patch radial coordinate R 12 , the necessary corrections need only be functions of the R coordinates. i.e. the corrected metric at first subleading order can be written as g
We will be solving for the metric corrections order by order in β. It is easy to see that the corrected metric solves for the EGB equations at the subleading order in 1/D (to linear order in β) if the metric corrections satisfy the following ordinary differential equations(ODE) in the R coordinates with sources and the various coefficients dependent on the ultra-local Taylor expansion shape and velocity data at the point x 0 . The schematic form of these ODEs can be written as
where, D is an ordinary differential operator order two. The structure of the differential operator which is the same at all orders in β is completely determined by the Einstein-Hilbert part of the EGB equations 13 .
Some technical details

Choice of gauge
We have to fix the gauge freedom in the choice of the metric corrections arising from the diffeomorphism invariance of gravity. We follow the convention followed in earlier papers and make the following gauge choice
With this gauge the most general form of the metric correction can be written as
M N P M N = 0 (3.12) In the above and the rest of this section we have suppressed the superscript corresponding to the order in β.
Boundary conditions
As stated earlier the metric corrections should have non-zero support only in the membrane region and hence we should impose the following boundary condition at the end of the membrane region
Also, we are working in a coordinate system in which the ansatz metric is well defined everywhere outside the singularity at the centre of the black hole. We would like the corrections to also satisfy this property and hence we demand that the metric corrections be regular everywhere in the membrane region 14 .
Even after imposing the above regularity and boundary conditions some ambiguity in the metric corrections is still left unfixed. This is due to the fact that the definitions of the velocity and shape field are ambiguous at subleading order in 1/D as these redefinitions leave the leading order ansatz metric unchanged. At leading order the velocity vector field raised w.r.t the flat spacetime is the generator of the event horizon of the spacetime located at ψ = 1 [14] . We fix the subleading ambiguity by demanding that the subleading order corrections keep the horizon at ψ = 1 15 and keep the generator of the event horizon to be the velocity vector field. These two conditions impose the following two boundary conditions on the metric corrections at R = 0 (or ψ = 1).
After this the metric corrections are completely determined in terms of the shape and velocity function of the dual membrane modulo one remaining issue which we address below.
The auxiliary conditions
The metric corrections are determined as functions of the R coordinate with coefficients being the Taylor expansion coefficients of the membrane shape and velocity data in the patch coordinates about any arbitrary point in the membrane region. The Taylor expansion coefficients are local derivative data of the membrane shape and velocity vectors. These derivatives can also be along the normal direction itself. Now a membrane is solely determined by the data on the membrane hypersurface 14 We will not be interested in the metric corrections deep inside the black hole beyond the membrane region. Since, this region is causally disconnected from the observer outside the horizon we can describe physics outside the horizon without the knowledge of the metric corrections in the interior region. 15 We demand that the surface ψ = 1 remains null.
only. Derivatives of the membrane data orthogonal to the hypersurface are not welldefined. The only way to make sense of the normal derivatives of the membrane data is to uplift their definition to a family of hypersurfaces, of which the membrane is just one member. We call the choice of this uplift as the auxiliary conditions. Obviously this uplift is not unique and hence different choices will give rise to different values for the normal derivatives and hence apparently different metric corrections. But the 'physical content' of the apparently different metrics are the same as they all arise from the same physical membrane data.
In this paper we choose to work with the auxiliary conditions used in [15] given by
where, P is the projector orthogonal to u and n mentioned above. This choice was found to be particularly useful in the sense that for Einstein gravity, the metric corrections at first subleading order vanished and the next to the subleading order corrections were also very simple. Once, this choice has been made the metric of the black hole is now completely defined in terms of the data of the dual membrane.
4
The results at first order in 1/D The large D membrane effective equations to leading order and the first subleading corrections to the metric of black holes in EGB gravity (upto linear order in β) was obtained in [18] 16 . The procedure is based on classifying the gravity equations into dynamical and constraint equations along the "direction of evolution", which in our case is in the direction of coordinate R (which also happens to be the direction of normal to the membrane). The interesting property of the constraint equations is that they have homogeneous parts with order one even though the rest of the dynamical EGB equations are order two. Hence, the constraint equations are thought of as a set of constraint on the possible "initial" conditions on the metric on a hypersurface rather than as evolution equations. Another interesting property is that once the constraint equations are solved on a hypersurface and the dynamical equations are solved everywhere, the constraint equations are naturally solved on all other hypersurfaces orthogonal to evolution. Hence, the information contained in the constraint equations is hypersurface invariant. Following [14] we evaluate the constraint equations on the R = 0 hypersurface, where, the homogeneous parts vanish, and so one is left with a set of constraint on the membrane data given by 17
The corrected metric with the choice of auxiliary conditions used in this paper are given below 18 (upto linear order in β) by
Note that in the β → 0 limit the subleading correction is zero which is consistent with the fact that in two derivative gravity the first subleading corrections to the metric are zero with the choice of auxiliary conditions used here [15] . 5 The results at second order in 1/D In [14] the algorithm to systematically correct the metric upto arbitrary orders in 1/D was presented for Einstein-Hilbert gravity. This algorithm can be easily adapted to the EGB equations. This algorithm involves using the corrected metric at a given order as the seed metric at next order. In our case we add corrections to the first order corrected metric (4.2) in the same form as (3.12) but at one higher order in 1/D. The structure of the homogeneous parts of the ODEs on the corrections remain the same at all orders [14] , but the sources now depend on higher Taylor expansion coefficients of the membrane and velocity data. The schematic form of the differential 17 The equation obtained using this procedure from the constraint EGB equations are in terms of the full spacetime derivatives. Those equations have to be pulled back to the membrane world volume using the auxiliary conditions mentioned above. Only after this the membrane equations become well defined in the sense that they track the world-volume dynamics of the membrane variables. The equation presented here is this pulled back form. 18 In [18] a different set of auxiliary conditions were used: 1)n · ∇n M = 0 and 2)n · ∇u M = 0. And hence the metric corrections obtained there were also different. equations at this order ( like in (3.10)) are given by
The membrane equations at first subleading order
One can again evaluate the constraint part of the above equations at R = 0 to obtain the subleading correction to the membrane equation of motion. These are given bŷ
The vector membrane equation is given by
where,
is the shear and
is the vorticity of the membrane velocity field u µ . The first line in the vector membrane equation is the leading order in 1/D contribution to the membrane equation and the rest are first subleading order in 1/D corrections to the membrane equation.
The metric corrections
The metric corrections (3.12) are written in terms of components with various tensor structures w.r.t the hypersurface orthogonal to the velocity vector u and the normal vector n. Since, the differential equations for the corrections are Ordinary linear differential equations, the metric components in different tensor structures do not mix. The sources to the homogeneous parts of each sector also preserve the tensor structure. Below we present the differential equations obtained in each tensor structure. We write down the explicit form of the homogeneous parts of the equations here with a schematic form for the corresponding sources. We also present the solutions to these equations which preserve the right boundary and regulation conditions here in an integrated form in terms of the schematic sources like in [14] . For the detailed formulas for the sources, the reader is referred to the Appendix (A).
The tensor sector
Let E M N = 0 be the ordinary differential equations obtained by applying the EGB equations to the first subleading order in 1/D metric plus the second order metric corrections. Then the decoupled equation for the tensor sector is obtained from the following combination
The decoupled tensor equations at different orders in β are given by
where, the superscript over the metric corrections denote the order in powers of β and the tensor structure respectively. S M N (R) denote the corresponding sources for the differential equations in terms of membrane data. The equation at linear order in β contains an extra source piece coming from the solution of the metric correction at zeroth order in β. Hence, the procedure involves first solving for the zeroth order in β metric corrections and then using it to solve for the first order in β metric corrections while imposing the regularity and boundary conditions at each order.
In [14] a detailed algorithm to obtain solutions to the differential equations appearing in two derivative theory of gravity in an integrated form for arbitrary sources with the boundary conditions mentioned above was presented. Since, the structure of the homogeneous part in our case is also completely determined by the two derivative part of the EGB equations, we can use the solutions presented there adapted to the sources for EGB gravity. We present the solution here.
and
where,Ŝ
The vector sector
The decoupled equation for the vector sector is obtained from the combination u A E AB P B M and is given by
Using the results of [14] the solutions to the above equations can be written as
The solution for the linear in β part of metric corrections is 
The scalar sector
The scalar sector contains two independent metric correction components, namely: H (T r) and H (S) . The decoupled equation for H (T r) is obtained via the combination O M O N E M N and is given by
The solution for the above equations can be written as
There is no decoupled equation available for H (S) . We use the combination of EGB equation given by O M u N E M N to solve for the H (S) corrections once all other corrections are solved for 19 . The equation at order O(β 0 ) is given by
The equation at order O(β 1 ) is given by
where, The solutions are given by
where, C (0,S) is chosen so that H (0,S) (R = 0) = 0 and
where, C (1,S) is chosen so that H (1,S) (R = 0) = 0.
The Entropy Current
For the Einstein-Hilbert gravity it was shown in [17] that the membrane entropy current for the black hole in the dual membrane picture is proportional to the velocity vector field of the membrane. More precisely, it was shown that to leading order the membrane entropy current is given by
And using subleading order membrane equations for two derivative gravity derived in [14] it can be shown that
The above equation can be thought of as a local version of the second law of black hole thermodynamics. Hence, we get the second law out of the membrane equations without it being used as an explicit input. Since, no candidate expression for second law ( in full generality) for EGB gravity is known, the task will be to write down the expression for an entropy current which has a non-trivial positive definite divergence in the large D limit (upto linear order in β). This entropy current must satisfy some general criteria, namely
• In the limit of β → 0 the entropy current should reduce to the corresponding quantity for Einstein-Hilbert gravity.
• In the limit of stationary "dynamics" the integrated entropy from the membrane picture should match the Wald entropy of the corresponding stationary black hole.
To do this it will be convenient to recast the scalar membrane equation into a more useful form.
Consider the membrane propagating in background flat spacetime. Let R αβ be the intrinsic Ricci curvature of the membrane world-volume. According to the Gauss-Codacci equation (see e.g. Eq.(3.39) of [22] ) we have
Using this we can recast the scalar membrane equation (5.2) aŝ
It is clear from the above equation that the entropy current is not the same as in Einstein-Hilbert gravity as the divergence of the velocity field is not manifestly positive definite for any membrane configuration. We propose that an entropy current for the membrane dual to black holes in EGB gravity upto linear order in β is given by
The divergence of the above entropy current is given bŷ
In the above we substitute the value of∇ · u from the scalar membrane equation (6.4) and use the following identity
to get∇
Hence, the proposed entropy current has a positive definite divergence 20 . The current written above reduces to the entropy current for the two derivative Einstein-Hilbert gravity in the limit where, the GB parameter β → 0 (at leading order in 1/D). Hence, it satisfies one of the consistency conditions. In the next subsection we demonstrate the second consistency condition, namely the match with the Wald entropy of the dual black holes in the stationary limit.
Comparison with Wald Entropy
We define the stationary configuration of the membrane as the one where there is no entropy production. In terms of the entropy current defined above these configurations would correspond to zero divergence of the entropy current. From the above section we see that the stationary configuration (like in the Einstein-Hilbert gravity) corresponds to the membrane configuration where the shear of the velocity field vanishes. We also have∇ · u = 0 (6.9)
Since, the velocity field is both shear and divergenceless, it must be proportional to a timelike Killing vector field present in the membrane world-volume [23] . So, the existence of stationary configuration necessitates the presence of a timelike Killing vector field in the membrane world-volume.
Since, the entropy current is conserved in the stationary configuration we can compute the entropy which is the charge corresponding to this current on any arbitrary space-like slice of the membrane world-volume. Since, the membrane worldvolume has a timelike Killing vector field, we can choose a 'Kaluza-Klein' like coordinate system (used also in [24] ), in which the induced metric on the membrane world-volume is given by
It is clear from the form of this metric that the ∂ ∂t is the Killing vector field. Let us now construct the entropy by integrating the entropy current over the t =constant spacelike slice, Σ t . Let q µ be the unit normal to the slice Σ t in the membrane worldvolume.
S mem = Σt √ hJ µ q µ = Σt f e σ(x) J t . (6.11)
In the above we have used some results associated with the Kaluza-Klein type metric from section 6 of [24] . Using the fact that we are in the stationary configuration, the entropy for EGB gravity in the Kaluza-Klein type coordinates then evaluates to
Now, using the results in section 2.1 of [25] we have 21 R =R − 2∇ 2 σ + O(1) (6.13) 21 In this section the quantities with overhead bar are w.r.t. the metric f ij .
Also,
Combining the expressions above we have,
where,R is the Ricci scalar of the metric f ij . Hence, from (6.13) and (6.15) we have
We now turn our focus on the Wald entropy for stationary black holes in EGB gravity which is given by the following expression (e.g. [7] )
Here, Σ v are spatial slices of the horizon at constant v such that ∂ v is the generator of the event horizon. R v is the intrinsic curvature of the induced metric on Σ v thought of as being embedded in the black hole spacetime. In our conventions, the spacetime metric on the horizon of the black hole is given by
the above metric is rank two as the event horizon is a null hypersurface. It was shown in [17] (section 7) that for computing dot products of all vectors tangent to the event horizon the above metric is equivalent to the metric given by
For all practical purposes the above metric can also be taken to be the metric on the slice Σ v mentioned above. From our computations we know that
For a metric which can be written as
the determinant is given by
and the Ricci Scalar is given by
Hence, upto O(1/D 2 ) and upto O(β) we get
(∵ trace and divergences add orders of D) (6.25)
We must remember that due to the isometry of the configurations R v is O(D 2 ). Hence, the Wald entropy on the membrane world-volume is given by
Going back once again to the Kaluza-Klein type metric in the membrane picture the projector orthogonal to u vector (∂ t vector in this case), is the metric f ij . Hence, the membrane entropy can also be written in a more covariant form as
To leading order in β the Wald entropy matches the entropy obtained from the membrane picture if P| Σv = P| Σt .
Once the above is assumed it naturally follows that the intrinsic curvature calculated will also be the same for these metrics and hence we have a match between Wald entropy and membrane entropy to linear order in β upto subleading order in 1/D.
Some results non-perturbative in β for EGB gravity
Until now all the results presented by us at second order in 1/D are valid upto linear order in β in a perturbative expansion. We obtain a membrane entropy current which has a manifestly positive definite divergence upto O(β) 1at O(1/D). The natural question that comes to mind is if there will still exist an entropy current with positive definite divergence non-perturbatively in β. The first step in this direction is to find the membrane equation upto first subleading order in 1/D non-perturbatively in β.
In this section we present the leading order membrane equations non-perturbatively in β for EGB gravity.
The starting point for the computation is the non-perturbative Kerr-Schild form of the Schwarzschild metric for EGB gravity given by
using this we write the ansatz metric as
Next we apply the algorithm mentioned in the earlier sections to correct the metric at sub-leading order. In this case we do not grade the metric corrections in a perturbative series in β. Due to the special property of Einstein-Gauss-Bonnet (EGB) gravity and more generally of Lovelock-Lanczos type gravity, the ordinary differential equations on the metric corrections are still of order two and the constraint equations are still order one. Both the coefficients of the homogeneous part of the ODEs and the sources are much more complicated in this case. The homogeneous parts of the relevant constraint equations vanish when evaluated at R = 0 ( assuming that the metric corrections are regular everywhere) . We are again left with a set of constraint on the membrane data: namely the leading order in 1/D membrane equations non-perturbatively in β given by
Once the membrane equations are satisfied the ODEs for the metric corrections can be solved with the same boundary and regularity conditions mentioned earlier for the perturbative case. We do not present the results for the metric corrections here as the solutions are very long and do not help in gaining any new understanding of the black hole dynamics relevant at this order in 1/D.
Leading order entropy current at non-perturbative order
Inspired by the form of the entropy current derived above at subleading order in 1/D (upto linear order in β), we can write down an entropy current at leading order in 1/D but non-perturbatively in β given by
This current has the right β → 0 limit in the sense that it matches the entropy current of the Einstein-Hilbert gravity. The divergence of the above entropy current using the non-perturbative membrane equations is given bŷ
i.e. there is no entropy production at leading order in large D for EGB gravity. This is similar to result obtained for Einstein-Hilbert gravity. To understand if there exists an entropy current for EGB gravity which satisfies second law we need to evaluate the non-perturbative in β membrane equation of motion upto subleading order in 1/D. We leave this task for a future project.
A world-volume stress tensor
A correct world volume stress tensor 22 for the membrane at a given order in 1/D has the property that its conservation equations are satisfied on-shell. From the form of the non-perturbative in β membrane equation at leading large D order presented above one can guess the form of the world-volume stress tensor to the relevant order as
The conservation equation of this stress tensor along the velocity vector field is given by
Also,∇ µ σ µν u ν = O(1).
Combining the above two we get
Similarly, the conservation equation orthogonal to the velocity vector field is given by
Combining the above two equations along with the leading order vector membrane equation we see that∇ µ T µν P ν α = O(1). hence, the membrane stress tensor is conserved to leading order provided the leading order membrane equations are satisfied. The overall normalisation of the stress tensor is fixed by matching the total energy on a static spherical membrane with the mass of a static spherical black hole of horizon radius same as the radius of the membrane.
The η/s ratio
We define the coefficient of shear tensor in the membrane world-volume stress tensor (with the above mentioned normalisation) as the "shear viscosity coefficient" 'η' of the membrane. The ratio of the shear viscosity to entropy density of the membrane for EGB gravity is then given by
11) The ratio matches with the η/s ratio of the dual boundary conformal fluid for EGB gravity derived in [26] upto linear order in α. Ideally we should be computing the boundary stress tensor sourced by the membranes in AdS space (see [24] for similar analysis in Einstein-Hilbert gravity). But this match at linear order in α is in similar spirit to the match of the corresponding ratio in [24] .
Stationary solutions
At the leading order in large D there is no entropy production even non-perturbatively in β. But we borrow intuition from the membrane equations at subleading order for Einstein-Hilbert gravity derived in [14] and for EGB gravity perturbatively in β here to invoke the condition on stationarity as the absence of shear for the membrane world-volume velocity field. Since, the velocity field is both divergenceless (using membrane equation) and shear-less, it has to be proportional to a timelike Killing vector field k µ present in the membrane world-volume. i.e.
where γ is the normalization factor. Using this form of velocity the scalar membrane equation is trivially satisfied as k · ∇γ = 0 (∵ k is killing vector).
The vector membrane equation becomes
Which can be messaged into a more suggestive form in the following manner
The constant can be fixed by comparing what the left hand side above evaluates for a static black hole in the leading large D limit. Comparing with the temperature of static black hole for EGB gravity obtained in [27] , the constant can be fixed to be given by K γ
Thermodynamics of the Static Black Hole
The membrane stress tensor can be used to compute the energy of a spherical static membrane of radius r 0 . This is given by
This exactly matches with the mass of static black holes in EGB gravity given in Eq 7 of [27] with our ansatz metric and Eq 8 in that paper then gives the right match of mass of static black hole with the result derived above. Similarly, the leading order entropy current derived above can be used to compute the entropy of the corresponding static black hole to be given by
which matches at the leading order in 1/D with the corresponding expression in Eq 13 of [27] .
Quasinormal mode frequencies for the static spherical black holes
The effective membrane equations for Einstein-Hilbert gravity could successfully reproduce the spectrum of light quasi-normal modes about Schwarzschild black holes in the D → ∞ limit (see [12, 14] ). In this section we use the effective membrane equation to leading order (non-perturbative in β) to predict the light quasi-normal modes of the static spherical black hole of unit horizon size in EGB gravity. Consider background flat spacetime in the spherical polar coordinates
The membrane configuration which computes the light QNMs of static black holes is given by r = 1 + ǫδr(t, a) , u = −dt + ǫδu t (t, a)dt + ǫδu a (t, a)dθ a (7.18) where, θ a denotes the angular coordinates on the D − 2 dimensional unit sphere. We work upto linear order in the strength of the fluctuation denoted by ǫ. The membrane equations upto linear order in ǫ for this configuration is given by (7.19) and the scalar membrane equation becomes ∇ a δu a + D∂ t δr = 0 (7.20) where the covariant derivative w.r.t. the metric on the unit sphere is denoted by∇. And B = β 1 + 2β + 2β 2 .
(7.21)
The fluctuations can be decomposed into the basis of scalar and vector spherical harmonics and the Fourier basis in time. This decomposition converts the membrane equations into a set of algebraic equations for each angular momentum number.
The frequencies of scalar and vector modes are obtained by solving these algebraic equations and are given by
The spectrum of light QNMs for scalar modes were obtained from the effective equations in the mass momentum formalism in [28] . Our results for the scalar spectra matches with that analysis. We have not found the corresponding results for the vector modes anywhere and hence these can be thought of as a prediction for the light vector QNMs of the static black holes. Interestingly, the leading order in large D contribution to Wald entropy of the static black hole is negative for αR ≤ − 1 2 and hence falls into the region of instability mentioned above. Hence, the value of the GB parameter is constrained by the requirement of linear stability and positivity of Wald entropy.
Again looking at the scalar modes we see that for l ≥ 1 B 2 the scalar mode is purely imaginary. If we confine ourselves to β ≥ − 1 2 then 1 B 2 ≥ 1 and hence for l ≥ 1 B 2 ≥ 1, (7.24) we get purely imaginary scalar modes. Also, one of the scalar modes with frequency −i(l−1)− √ (l−1)(1−B 2 l) 1+B becomes unstable if
Which is not possible once we have β ≥ − 1 2 . So to conclude, in the allowed regime of β ≥ − 1 2 all the linearised modes are stable.
Summary and Future Directions
In this paper we have derived the equations governing the membranes dual to dynamical black holes in the large D limit in two different regimes
• Perturbatively in β (the GB parameter) upto O(β) but upto subleading order in 1/D and • Non-perturbatively in β but upto leading order in 1/D
We have also constructed an membrane entropy current in both of these cases from the membrane equations which satisfy a local form of second law of thermodynamics in the corresponding regimes. What we mean by this is that when the membrane equations are obeyed, the divergence of Entropy current is always positive definite. We find a non-trivial but positive definite entropy production in the perturbative β regime. We have not yet mapped the membrane entropy current to the corresponding quantities in the black hole picture except in the stationary configuration. We have shown that the entropy obtained by integrating the entropy current on the membrane world-volume in the stationary configuration matches the Wald entropy of the dual stationary black holes.
For the non-perturbative in β regime we have written down a world-volume stress tensor from two conditions, namely:
• The stress tensor is conserved on shell upto relevant order in 1/D • The energy of a static spherical membrane computed from the stress tensor matches the mass of the static spherical black hole solution of EGB gravity with the same radius.
to understand what the membrane entropy current evaluates to in the black hole picture so that we have a better understanding of the quantity that satisfies second law in terms of the black hole variables. This is also necessary to match the results obtained by us to the corresponding results in a different regime of dynamics in [3, 4] and [7] . In this paper we have managed to work out this map in the stationary case upto relevant orders in β and 1/D. 
A. 2 The vector sector
− (5 − 3R + e R (−5 + 2R))u · ∇u C P CB K BF − (1 − e R )(−5 + 3R)u · ∇u C P CB ∇ (B u F )
R(−3(−4 + R) + e R (−10 + 3R))u B K BF + (−3 + e R (3 + 2R))u · K · u u · ∇u F
